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JEMA 1 (2 mon�dec)
(i)Sth sk�la energeÐ h t�sh tou sqoinioÔ T kai to b�roc tou
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anjr¸pou mg me dieujÔnseic kai forèc ìpwc sto Sq ma kaj¸c
kai h antÐdrash tou epipèdou N h opoÐa jewroÔme ìti sqhmatÐzei
gwnÐa φ me to orizìntio epÐpedo. H sk�la isorropeÐ, sunep¸c
apì thn isorropÐa twn dun�mewn

mg = N sinφ (1)
T = N cosφ (2)

kai twn rop¸n wc proc to shmeÐo prìsdeshc thc sk�lac sto èdafoc

m g x sin
(π

2
+ θ

)
= T L sin(π − θ) ⇒ m g x cos θ = T L sin θ (3)

Apì thn (3) brÐskoume

T =
mg x

L
cot θ (4)

kai diair¸ntac tic (1) kai (2)

tanφ =
T

m g
=

x

L
cot θ ⇒ φ = arctan

(x

L
cot θ

)
(5)

en¸ uy¸nontac sto tetr�gwno tic (1) kai (2) kai prosjètontac

N2 = m2 g2 + T 2 = m2 g2

(
1 +

x2

L2
cot2 θ

)
⇒ N = mg

√(
1 +

x2

L2
cot2 θ

)
(6)

(ii) H m�za M kai sunep¸c h sk�la ja paramènei akÐnhth ìso h t�sh tou sqoinioÔ eÐnai mikrìterh apì
thn trib 

T ≤ µM g ⇒ mg x

L
cot θ ≤ µM g ⇒ x ≤ M

m
µL tan θ (7)

(iii) Qrhsimopoi¸ntac to �nw ìrio thc teleutaÐac sqèshc gia x = L

tan θ =
m

M µ
=

2
3
⇒ θ = 33.7◦ (8)



JEMA 2 (3 mon�dec)
(i) Sth m�za m1 energeÐ to b�roc m1 g h t�sh tou sqoinioÔ T kai h antÐdrash
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tou stefanioÔ N en¸ sth m�za m2 energeÐ to b�roc thc m2 g kai h t�sh tou
sqoinioÔ T . Oi dieujÔnseic kai forèc twn dun�mewn faÐnontai sto Sq ma. (ii)
Gia to di�sthma pou mac endiafèrei (AB) h m�za m1 ekteleÐ kuklik  kÐnhsh.
Qrhsimopoi¸ntac tic exis¸seic tou NeÔtwna se polikèc suntetagmènec (A53),
kai lamb�nontac upìyin ìti r = R=stajerì sunep¸c ṙ = r̈ = 0, oi exis¸seic
kÐnhs c thc gr�fontai

−m1 R θ̇2 = −N −m1 g sin θ (9)
m1 R θ̈ = T −m1 g cos θ (10)

H m�za m2 kineÐtai eujÔgramma proc ta k�tw sunep¸c h exÐswsh kÐnhs c thc
eÐnai

m2 a2 = m2 g − T (11)

To sqoinÐ eÐnai mh ektatì sunep¸c h m2 dianÔei Ðdio di�sthma me thn m1 , s = R θ sunep¸c a2 = s̈ = R θ̈
kai h exÐswsh kÐnhshc thc m�zac m2 gr�fetai

m2 R θ̈ = m2 g − T (12)

(iii) EpilÔontac thn (12) wc proc thn t�sh kai antikajist¸ntac sthn (10) brÐskoume

m1 R θ̈ = m2 g −m2 R θ̈ −m1 g cos θ ⇒ (m1 + m2) R θ̈ = m2 g −m1 g cos θ ⇒
θ̈ =

m2 g

R(m1 + m2)
− m1 g

R(m1 + m2)
cos θ ⇒ θ̈ =

g

R(1 + a)
− a g

R(1 + a)
cos θ (13)

All�zontac metablht  θ̈ = dθ̇
dt = dθ̇

dθ θ̇ = 1
2

dθ̇
dθ h (13) gr�fetai

1
2

dθ̇2

dθ
=

g

1 + a
− a g

1 + a
cos θ ⇒

∫ θ̇

0
dθ̇′2 =

2g

R(1 + a)

∫ θ

0
dθ′ − 2a g

R(1 + a)

∫ θ

0
dθ′ cos θ′ (14)

θ̇2 =
2g

R(1 + a)
θ − 2a g

R(1 + a)
sin θ ⇒ θ̇ =

√
2g

R(1 + a)

√
θ − sin θ (15)

ìpou dialèxame to jetikì prìshmo giatÐ h gwnÐa θ (pou epilèxame) aux�nei me to qrìno.
(iv) Apì tic (9) kai (15) brÐskoume

N = −m1 g sin θ + m1
2g

1 + a
θ − 2m1 a g

1 + a
sin θ ⇒ N = −m1 g

(
1 + 3a

1 + a

)
sin θ + m1

2g

1 + a
θ (16)

H opoÐa parousi�zei akrìtata gia

dN

dθ
= 0 ⇒ m1 g

(
1 + 3a

1 + a

)
cos θ −m1

2g

1 + a
= 0 ⇒ cos θ =

2
1 + 3a

(17)

kai d2N
dθ2 = −m1 g

(
1+3a
1+a

)
sin θ < 0 gia 0 < θ < π

2 sunep¸c h antÐdrash tou stefanioÔ parousi�zei
mègisto gia

θ = arccos
(

2
1 + 3a

)



JEMA 3 (2.5 mon�dec)
(i) Apì thn exÐswsh diat rhshc thc enèrgeiac se polikèc suntetagmènec (A55), èqoume

1
2

m ṙ2 +
L2

2mr2
+ V (r) = E (18)

Qrhsimopoi¸ntac thn exÐswsh troqi�c r = c θ2 ⇒ θ = ±√
r
c kai thn (A54)

ṙ =
dr

dt
=

dr

dθ
θ̇ =

d(cθ2)
dθ

L

mr2
= 2cθ

L

mr2
= ±2c

√
r

c

L

mr2
= ±2c1/2 L

m
r−3/2 (19)

kai antikajist¸ntac sthn (18)

2L2c

m
r−3 +

L2

2m
r−2 + α rp + β rq = E ⇒ p = −3 , q = −2 (20)

(ii) Apì thn teleutaÐa exÐswsh èqoume epÐshc

E = 0 , α = −2L2c

m
, β = − L2

2m
⇒ L =

√
2m cβ , α = 4cβ ⇒ L =

√
mα

2
(21)

(iii)

θ̇ =
L2

2mr2
⇒ θ̇ =

L2

2mc2θ4
⇒

∫ θ

0
dθ′ θ′4 =

L2

2mc2

∫ t

0
dt′ ⇒ θ5

5
=

L2

2mc2
t ⇒ θ =

(
5L2

2mc2

) 1
5

t
1
5 (22)

JEMA 4 (2.5 mon�dec)

(i) Efarmìzontac to nìmo tou NeÔtwna gia k�je mÐa apì tic dÔo
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(m1) : m1 ẍ1 = −k1 x1 − k2 x1 + k2 x2 + m1 g sin θ (23)
(m2) : m2 ẍ2 = k2 x1 − k2 x2 −m2 g sin θ (24)

kai antikajist¸ntac ta dedomèna tou probl matoc

ẍ1 = − k

m
x1 +

k

3m
x2 + g sin θ (25)

ẍ2 =
k

m
x1 − k

m
x2 − g sin θ (26)

(ii) Na brejoÔn oi suqnìthtec twn kanonik¸n trìpwn tal�ntwshc tou sust matoc. To sÔsthma twn
exis¸sewn kÐnhshc mporeÐ na metatrapeÐ se omogenèc me allag  metablht¸n X1 = x1 +δ1 , X2 = x2 +δ2

ìpou δ1, δ2 stajerèc. Antikajist¸ntac

Ẍ1 = − k

m
X1 +

k

3m
X2 +

[
− k

m
δ1 +

k

3m
δ2 + g sin θ

]
(27)

Ẍ2 =
k

m
X1 − k

m
X2 +

[
k

m
δ1 − k

m
δ2 − g sin θ

]
(28)

Oi ìroi stic agkÔlec mhdenÐzontai gia δ1 = gm
k sin θ, δ2 = 0 kai to sÔsthma gr�fetai wc

Ẍ1 = − k

m
X1 +

k

3m
X2 (29)

Ẍ2 =
k

m
X1 − k

m
X2 (30)



ìpou apì diastatik  an�lush mporoÔme na jèsoume k = m = 1 kai to sÔsthma gr�fetai me th qr sh
pin�kwn

d2

dt2

(
X1

X2

)
=

( −1 1
3

1 −1

)(
X1

X2

)
(31)

Antikajist¸ntac th dokimastik  lÔsh
(

X1

X2

)
= eρ t

(
A1

A2

)
(32)

to sÔsthma gr�fetai
( −1− ρ2 1

3
1 −1− ρ2

) (
A1

A2

)
= 0 (33)

Oi idiosuqnìthtec twn kanonik¸n trìpwn tal�ntwshc upologÐzontai apì tic idiotimèc tou pÐnaka (ω =√
−ρ2)

det
( −1− ρ2 1

3
1 −1− ρ2

)
= 0 ⇒ (

1− ρ2
)2 − 1

3
= 0 ⇒

(
ρ2 + 1 +

√
1
3

)(
ρ2 + 1−

√
1
3

)
= 0

ρ2
1 = −1 +

√
1
3

, ρ2
2 = −1−

√
1
3

(34)

kai apokajist¸ntac tic diast�seic

ω1 =

√
1−

√
1
3

√
k

m
≈ 0.650

√
k

m
, ω2 =

√
1 +

√
1
3

√
k

m
≈ 1.26

√
k

m
(35)



TUPOLOGIO
Trigwnometrikèc sunart seic

sin(θ + φ) = sin θ cosφ + cos θ sinφ
(A36)

cos(θ + φ) = cos θ cosφ− sin θ sinφ
(A37)

sin
(π

3

)
= cos

(π

6

)
=
√

3
2

(A38)

sin
(π

6

)
= cos

(π

3

)
=

1
2

(A39)

sin
(π

4

)
= cos

(π

4

)
=
√

2
2

(A40)

sin(2θ) = 2 sin θ cos θ (A41)
cos(2θ) = cos2 θ − sin2 θ (A42)

Oloklhr¸mata
∫

dx
1

x2 + 1
= arctanx (A43)

∫
dx

1
x2 − 1

= arctanhx (A44)

∫
dx√

x2 + b x + c
=

= ln
(
b + 2 x + 2

√
x2 + b x + c

)
(A45)

An�ptugmata se seirèc

cosx = 1− 1
2

x2 +
1
24

x4 + . . . (A46)

sinx = x− 1
6

x3 +
1

120
x5 + . . . (A47)

Pl�gia bol 

y = x tan θ − x2g

2v2
0 cos2 θ

(A48)

Mikrèc Talant¸seic
Sthn perioq  tou el�qistou x0 tou dunami-
koÔ V (x)

ω =

√
V ′′(x0)

m
(A49)

Polikèc suntetagmènec
TaqÔthta

~v = ṙ êr + r θ̇ êθ (A50)

Epit�qunsh

~a =
(
r̈ − r θ̇2

)
êr+

(
r θ̈ + 2 ṙ θ̇

)
êθ (A51)

DÔnamh

~F = Fr êr + Fθ êθ (A52)

2oc nìmoc tou NeÔtwna

m
(
r̈ − r θ̇2

)
= Fr

m
(
r θ̈ + 2 ṙ θ̇

)
= Fθ

(A53)

Kentrikì dunamikì
Exis¸seic kÐnhshc

mr2 θ̇ = L (A54)
1
2

m ṙ2 +
L2

2mr2
+ V (r) = E (A55)

ìpou L h stroform  kai E h enèrgeia.
Eidik� gia V (r) = −GMm/r = −α/r h
troqi� s¸matoc m�zac m dÐnetai apì

r =
r0

1 + ε cos θ
(A56)

me

r0 =
L2

mα
(A57)

ε =

√
1 +

2E L2

mα2
(A58)

Gia elleiptik  troqi� o meg�loc hmi�xonac
thc èlleiyhc dÐnetai apì

a = r0/(1− ε2) (A59)

TrÐtoc nìmoc tou Kepler

T 2 =
4π2

GM
a3 (A60)


