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Aerospace engineering: optimal mesh partitioning for finite elements.
Biology: protein folding.

Chemical engineering: heat exchanger network synthesis.

Civil engineering: equilibrium of urban traffic flow.

Economics: computation of arbitrage in financial markets with friction.
Electrical engineering: VLSI layout.

Environmental engineering: optimal placement of contaminant sensors.

Financial engineering: find minimum risk portfolio of given return.
Game theory: find Nash equilibrium that maximizes social welfare.
Genomics: phylogeny reconstruction.

Mechanical engineering: structure of turbulence in sheared flows.
Medicine: reconstructing 3 -D shape from biplane angiocardiogram.
Operations research: optimal resource allocation.

Physics: partition function of 3  -D Ising model in statistical mechanics.

Politics: Shapley-Shubik voting power.
Pop culture: Minesweeper consistency.
Statistics:  optimal experimental design.
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All 13,509 cities in US with a population of at least 500

Reference: http://www.tsp.gatech.edu
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MY HOBBY:
EMBEDDING NP-(OMPLETE PROBLEMS IN RESTAURANT (ORDERS

¢ CHOTCHKIES RESTAURANT

WED LIKE EXACTLY $15. 05
WORTH OF APPETIZERS, PLEASE.

1 . EXACTLY? M.

HERE, THESE PAPERS ON THE KNAPSACK,
PROBLEM MIGHT HELP YOU OUT.

LISTEN, I HAVE S1x OTHER
TABLES TO GET TO —

~AS FRST £ POSSIBLE, (F (DURSE. WANT
SOMETHING ON TRAVELING SALESNANT /

\
(XIER

— APPENZERS —
MUXED FRUIT 2.15
FRENCH FRIES 2.75
SIDE SALAD 235
HoT WINGS 3.55
MOZZARELLA STICKS  4-20
SAMPLER PLATE 5.80
—— SANDWICHES ~-
RARBEE L 5T

Randall Munro

http://xkcd.com/c287.html
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constraint satisfaction

Dick Karp
(1972)

1985 Turing
Award

INDEPENDENT SET DIR-HAM-CYCLE GRAPH 3-COLOR SUBSET-SUM
VERTEX COVER HAM-CYCLE PLANAR 3-COLOR SCHEDULING
v Y
SET COVER TSP

Wi WEWI Uwy UT EyayBEaAeliioAyiyl vyaulk &Y awal Ul aAl aYaE
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Construction.
triplet set T. Let n = |X| = |Y| =|Z] and m = |T]|.

Subset Sum (proof from book)

Let X C Y C Z be ainstance of 3D -MATCHING with

i Let X={xy, X0, X3 Xgh, Y={Y0u VY2, Ya Yu}, Z2={24,2,,25,2,}
» For each triplett=( x;,y;, z,) | T, create an integer w , with 3n digits
that has a 1 in positions i, n+j, and 2n+Kk.

Claim.3D-mat c hi

Triplett |
Xy Y, zz3 1 O

Ya
Y1
Y2
Y3
Y1
Y1
Y1
Ya

©O O O O O O = O

O O O O O R O p

0

© b b O O O O

ng

0

, O O O = O O O

1 O

0

©O B B b O O - O

f f

© O O O ©O - O O

©O O O O » O O o

some

0

b O O O ©O © O p

0

©O b O O O O b O

0

O O O B O O O p

1

© O BB O O O O O

Ssubset

0

0
0
1
1
0
0
0
1

\

use base m+1

SuUums

100,010,001,000
10,001,000,001

1,010,000,100
1,010,000,010

100,010,001
111,111,111,111

t

o)
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Partition

SUBSET-SUM. Given natural numbersw,, v, and an integer W, is
there a subset that adds up to exactly W?

PARTITION. Given natural numbersv,, ., can they be partitioned
into two subsets that add up to the same value?
NSy,
Claim. SUBSET-SUM ¢  PARTITION .
Pf. LetW,w, &, be an instance of SUBSET-SUM.
» Create instance of PARTITION with m = n+2 elements.
OV, =W, V, =W,, VFW, V1 =2SW-W, v ,=Sw+W

» There exists a subset that sumsto W  iff there exists a partition
since two new elements cannot be in the same partition. 1
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4 Color Theorem




Planar 3-Colorability

PLANAR-3-COLOR Given a planar map, can it be colored using 3 colors
so that no adjacent regions have the same color?

YES instance.
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Planar 3-Colorability

PLANAR-3-COLOR Given a planar map, can it be colored using 3 colors
so that no adjacent regions have the same color?

NO instance.
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Planarity

Def. A graphis planar if it can be embedded in the plane in such a way
that no two edges cross.
Applications: VLSI circuit design, computer graphics.

O

planar Ks: non-planar K;3: non-planar

Kuratowski's Theorem. An undirected graph G is non -planar iff it
contains a subgraph homeomorphic to K 5 or K3 3.

Q

homeomorphicto K53 =
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Planarity Testing

Planarity testing. [Hopcroft -Tarjan 1974] O(n).
\

simple planar graph can have at most 3n edges
Remark. Many intractable graph problems can be solved in poly -time if

the graph is planar; many tractable graph problems can be solved
faster if the graph is planar.
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Planar Graph 3-Colorability

Is this planar graph 3 -colorable?

)
¢/
)
¢/

)

\/
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Planar 3-Colorability and Graph 3 -Colorability

Claim. PLANAR-3-COLOR ¢ , PLANAR-GRAPH 3-COLOR

Pf sketch. Create a vertex for each region, and an edge between
regions that share a nontrivial border.
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Planar Graph 3-Colorability

Claim. W is a planar graph such that:
» Inany 3 -coloring of W, opposite corners have the same color.
» Any assignment of colors to the corners in which opposite corners
have the same color extends to a 3 -coloring of W,

Pf. Only 3-colorings of W are shown below (or by permuting colors).
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Planar Graph 3-Colorability

Claim. 3-COLOR¢ p PLANAR-GRAPH 3-COLOR

Pf. Given instance of 3-COLOR, draw graph in plane, letting edges cross.
» Replace each edge crossing with planar gadget W.
» Inany 3 -coloringofW,a , a'andb , b
» Ifa | a'andb , b'then can extendtoa 3 -coloring of W.

5

a crossing
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Planar Graph 3-Colorability

Claim. 3-COLOR¢ p PLANAR-GRAPH 3-COLOR

Pf. Given instance of 3-COLOR, draw graph in plane, letting edges cross.
» Replace each edge crossing with planar gadget W.
» Inany 3 -coloringofW,a , a'andb , b
» Ifa | a'andb , b'then can extendtoa 3 -coloring of W.

5

multiple crossings gadget W
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Planar k-Colorability

PLANAR-2-COLOR. Solvable in linear time.
PLANAR-3-COLOR NP-complete.

PLANAR-4-COLOR. Solvable in O(1) time.

Theorem. [Appel-Haken, 1976] Every planar map is 4 -colorable.
» Resolved century -old open problem.
» Used 50 days of computer time to deal with many special cases.
» First major theorem to be proved using computer.

False intuition. If PLANAR-3-COLORIs hard, then sois PLANAR-4-COLOR
and PLANAR-5-COLOR.
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Polynomial Time Detour

Graph minor theorem. [Robertson -Seymour 1980s]

Corollary. There exist an O(n 3) algorithm to determine if a graph can
be embedded in the torus in such a way that no two edges cross.

Pf of theorem. Tour de force.
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Polynomial Time Detour

Graph minor theorem. [Robertson -Seymour 1980s]

Corollary. There exist an O(n 3) algorithm to determine if a graph can
be embedded in the torus in such a way that no two edges cross.

Mind boggling fact 1. The proof is highly non -constructive!
Mind boggling fact 2. The constant of proportionality is enormous!

Unfortunately, for any instance G = (V, E) that one could

fit into the known universe, one would easily prefern 70 to
even constant time, if that constant had to be one of
Robertson and Seymour's. - David Johnson

Theorem. There exists an explicit O(n) algorithm.
Practice. LEDA implementation guarantees O(n 3).
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r

gayakeEALZ UWI yUuYOwa: oAl awl Uy ¢
SUBSET-SUM. Given natural numbersw,, v, and an integer W, is
there a subset that adds up to exactly W?
gE WWy BDy&®&Ea Wi EAinvawa VI 1
eWE W,®PeasE bz FUITT W, EUYU @1 AW] W yt EU
(UUT 7 I T &KpapdaWy WM OTOIn&/)
dzi OEA Wi 6OAT EYUa 7t Ya NRY& A4iva U( \WBR A WE
AEY A&el UUY Aywasgl y
j 0ge@] D7 Okdzk30Q0dzGYdzyadl AAEYIT T WEFPT 467 Uy £ UY
Wy EUa Wi EWEYAETK EJAT QWHET YUEGRBPBA&T Wi E
FAgWAT T VYal &EOWA YIi11l =
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jryyl Ul yawa dzZ EawYOWTF E

OAAT T OWOT ©&él Df Okdzk 3 0dzGY dWE BNB-& & A Wi .

O

-— < ~ N\ ~ w o

OAAT 1T gUTJ guéap B Qkdzk 3 0dzGY d4dy 3 Dz

SUBSET-SUM ¢ 5] ¢ g ] DZ Qkdzk 3 QdzGY dzY 3

~

s 0ay EANWAOEITIW PaWP|lgayUuyl | |
» G=RCeCPR,
r k=W

gU? YI wYawl a& EUWEUYUWE Wi GONT T WeWET :
yis

GAOWAa 1T UI WREI 81k EEEY § W @KRIES B AT | WA Wa
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jryyl Ul yawa dzZ EawYOWTF E

~ AN ~

éel DI Ok dizk 3 O dzG Y dAWE BNB-& & A Wi

O
T>
>

O
>
@

=

Ol

@)

-— < ~ \\ ~ ~ ~

OAAIT T gUJ guéep B Qkdzk 3 QdzGY dzY 3 Dz
SUBSET-SUM ¢ 5] ¢ g ] DZ Qkdzk 3 QdzGY dzY 3

gU? YI wYawl a& EUWE LYY UWE Wi GONT 7 WaWED

~

s 0ay EANWAOEITI W IPaWPlgayUyl | | £
» G=RCeCPR,
r k=W

GAOWAa 1T UI WREI 81k EEEY § W @KRIES B AT | WA Wa

Eua;k\? é(AJAi/IEIWlﬁEULjX,ErOUTUEJ Y Wy
I y

AW ADMY(5 A U BAAWE 11 g AT )
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8.9 co-NP and the Asymmetry of NP




Asymmetry of NP

Asymmetry of NP. We only need to have short proofs of yes instances.

Ex 1. SAT vs. TAUTOLOGY.

» Can prove a CNF formula is satisfiable by giving such an assignment.
» How could we prove that a formula is not satisfiable?

Ex 2. HAM-CYCLEVS. NO-HAM-CYCLE
» Can prove a graph is Hamiltonian by giving such a Hamiltonian cycle.
» How could we prove that a graph is not Hamiltonian?

Remark. SAT is NP-complete and SAT ! ; TAUTOLOGY, but how do we
classify TAUTOLOGY ?

I

not even known to be in NP
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NP and co-NP

NP. Decision problems for which there is a poly -time certifier.
EX. SAT, HAM -CYCLE, COMPOSITES.

Def. Given a decision problem X, its complement X is the same problem
with the yes and no answers reverse.

Ex. X = { 0, 1, 4, 6, 8, 9, 10, 12, 14,
X ={ 2, 3, 5, 7T, 11, 13, 17, 23, 2

co-NP. Complements of decision problems in NP.
EX. TAUTOLOGY, NO-HAM-CYCLE, PRIMES.
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NP = co-NP ?

Fundamental question. Does NP = co-NP?

» Do yes instances have succinct certificates iff no instances do?
» Consensus opinion: no.

Theorem. If NP , co-NP,then P, NP.
Pf idea.
» P is closed under complementation.
» If P = NP, then NP is closed under complementation.
» In other words, NP =co -NP.
» This is the contrapositive of the theorem.
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Good Characterizations

Good characterization. [Edmonds 1965] NP 1 co-NP.
» If problem X is in both NP and co -NP, then:
8 for yes instance, there is a succinct certificate
d for no instance, there is a succinct disqualifier

» Provides conceptual leverage for reasoning about a problem.

Ex. Given a bipartite graph, is there a perfect matching.
» If yes, can exhibit a perfect matching.
» If no, can exhibit a set of nodes S such that |[N(S)| < |S|.
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Good Characterizations

Observation. Pl NP 1 co-NP.
» Proof of max -flow min -cut theorem led to stronger result that max -
flow and min-cut are in P.
» Sometimes finding a good characterization seems easier than
finding an efficient algorithm.

Fundamental open question. Does P =NP 1 co-NP?
» Mixed opinions.
» Many examples where problem found to have a non -trivial good
characterization, but only years later discovered to be in P.
& linear programming [Khachiyan, 1979]
& primality testing [Agrawal -Kayal-Saxena, 2002]

Fact. Factoringisin NP 1 co-NP, but not known to be in P.

T

if poly -time algorithm for factoring,
can break RSA cryptosystem
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PRIMES is in NP ZAco-NP

Theorem. PRIMES isin NP A co-NP.

Pf. We already know that PRIMES is in co-NP, so it suffices to prove
that PRIMES is in NP.

Pratt's Theorem. An odd integer s is prime iff there exists an integer

1 <t<s s.t. tS—l 1 1 (mOdS)

t&D’P 1 (mods)
for all prime divisorg of s1

Input. s =437,677 Certifier,
Certificate. t=17,223 33 36,473 - Checks-1=23 23 33 36,473.
T - Check 1751 =1 (mod s).
prime factorization of s -1 - Check 17(s-1/2 1 437,676 (mOd S)'
e s o e~ Check 17695 1 320,415 (mod s),
- Check 17(?1)/36’473 1 305,452 (mod s).

use repeated squaring
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FACTOR is in NP AEco-NP

FACTORIZE . Given an integer X, find its prime factorization.
FACTOR. Given two integers x and y, does x have a nontrivial factor

less than y?
Theorem. FACTOR?! , FACTORIZE.

Theorem. FACTORs in NP Aco-NP.
Pf.
» Certificate: a factor p of x that is less than y.
» Disqualifier: the prime factorization of x (where each prime factor
IS less than y), along with a certificate that each factor is prime.
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Primality Testing and Factoring

We established: PRIMES ¢ ; COMPOSITES ¢ , FACTOR.

Natural question: Does FACTOR ¢ , PRIMES ?
Consensus opinion. No.

State -of -the -art.
» PRIMES isin P. «— provedin 2002

» FACTOR not believed to be in P.

RSA cryptosystem.

» Based on dichotomy between complexity of two problems.

» To use RSA, must generate large primes efficiently.

» To break RSA, suffixes to find efficient factoring algorithm.,
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